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We present a simple new approach to the treatment of Coulomb-nuclear interference and form-
factor effects in high-energy proton-proton scattering in the context of eikonal models for the scat-
tering amplitude. We show that the corrections to the nuclear and Coulomb amplitudes do not
depend sensitively on the details of the eikonal amplitude and can be taken as universal, and
present parametrizations for the necessary corrections. We also present a simple model for the nu-
clear scattering amplitude useful for data analysis at small momentum transfer which builds in the
proper nuclear phase and the diffraction zeros in the real and imaginary parts of the amplitude.
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2I. INTRODUCTION
The interplay of Coulomb and nuclear interactions in the scattering of charged particles has been studied by many
authors [1–5] with particular emphasis on the use of Coulomb-nuclear interference effects to determine the real part
of the nuclear scattering amplitude in proton-proton and proton-antiproton scattering at high energies W =
√
s.
The results most used in recent analyses of high-energy data appear to be those of Cahn [3] as modified by Kundra´t
and Lokajicˇek [5]. In their approach, the Coulomb and purely nuclear effects are separated out in the full scattering
amplitude, which is then expressed in terms of convolutions involving the nuclear and Coulomb amplitudes with the
effects of the proton electromagnetic form factors included. The result is rather cumbersome to use, especially because
the way in which the amplitudes are separated leaves long-range effects associated with the Coulomb amplitude in
some terms. Questions have also been raised about the treatment of the form factors [6, 7]; see also [8], and [9] for
further references.
In the present paper, we present an analysis of the Coulomb and form-factor effects in pp scattering based on an
eikonal model for pp scattering. Our separation of the various effects in the scattering is different from that of [3],
with long-range effects appearing only in a pure Coulomb scattering term with unmodified form factors, and—to high
accuracy—the remaining effects isolated in a nearly model-independent phase factor that modifies the purely nuclear
term,
f(s, q2) ≈ −2η
q2
F 2(q2) + eiΦtot(s,q
2)fN (s, q
2). (1)
As is usual in the treatment of infinite-range Coulomb scattering, an irrelevant overall phase has been absorbed.
The advantage of this form of the amplitude is that the Coulomb term is real, making it clear that the Coulomb-
nuclear interference depends only on the real part of the second term, that is, on the real part of fN (s, q
2) with
a (small) admixture of the imaginary part dependence on the phase Φtot(s, q
2). The latter is essentially model-
independent for any eikonal model consistent with the the measured pp total cross sections and the forward slope
parameters B = −d log (dσ/dq2) /dq2.
In the following sections, we first discuss the separation of the various effects in the scattering in Sec. II A, and then
evaluate the Coulomb scattering term in eikonal form in Sec. II B, and the form-factor effects in Sec. II C. We show,
in particular, that the Coulomb and form-factor effects combine to high accuracy to give a combined amplitude of
the form −(2η/q2)F 2Q(q2)eiΦc,FF where η = α/v ≈ α, FQ(q2) is the charge form factor of the proton, and Φc,FF is a
known phase.
We evaluate the remaining nuclear-dependent term in Sec. II D, where we show that the effects of the Coulomb
interaction and the form factors combine at small q2 to simply multiply the nuclear amplitude by a phase factor
e−∆Φ(s,q
2). The Coulomb and modified nuclear amplitudes can then be combined in the form in Eq. (1), with an overall
phase absorbed. We also present an accurate—and essentially model-independent—parametrization of the phase Φtot
in Eq. (1) valid from energies below 100 GeV to 20 TeV or above. The result is a very simple implementation of the
Coulomb and form-factor corrections in the complete scattering amplitude.
Finally, in Sec. III, we apply these results to analyze a model used in recent fits to Coulomb-nuclear interference at
very high energies [9, 18] in which the phase of the nuclear amplitude is taken as constant. We show that this leads
to efffective real parts of the scattering amplitude significantly larger than the actual real parts. It is very simple to
improve the model at high energies by using an approximate nuclear phase that takes into account the zeros in the real
and imafinary parts of fN (s, q
2) which lie within or close to the region in q used in the fits, and give parametrizations
of the locations of those zeros in our eikonal model valid from ∼ 500 GeV to above 20 TeV.
II. ANALYSIS
A. Background
The complete spin-independent scattering amplitude for proton-proton scattering can be written as
f(s, q2) = i
∫ ∞
0
db b
(
1− e2i(δtotc (b,s)+δN (b,s))
)
J0(qb), (2)
where q2 = −t is the square of the invariant momentum transfer, δtotc (b, s) is the full Coulomb phase shift including
the effects of the finite charge structure of the proton, and δN (b, s) is the nuclear phase shift. Here
δtotc (b, s) = δc(b, s) + δ
FF
c (b, s) (3)
3where δc gives the phase shift for a pure Coulomb interaction, and δ
FF
c accounts for the effects of the form factors
at large momentum transfers or short distances. This form, with (approximately) additive phase shifts, and that in
Eq. (2), can be derived in the context of potential scattering through a Glauber-type treatment [10] of the eikonal
function.
With our normalization, the differential elastic scattering amplitude is
dσ
dq2
(s, q2) = pi|f(s, q2)|2. (4)
The finite proton charge structure appears through the form factors FQ(q
2) measured in electron-proton scattering
[11]. Only the charge form factor appears; the magnetic moment scattering with form factor FM (q
2) appears only
in the spin-dependent part of the scattering amplitude and does not contribute to Coulomb-nuclear interference in
the spin-averaged cross section except through interference in the average of the spin-dependent terms, thought to
be very small (see, e.g., [12]). The exact spin-independent Coulomb amplitude for proton-proton scattering should
therefore reduce to
fBc (s, q
2) = −2η
q2
F 2Q(q
2) (5)
in Born approximation.
Eq. (2) can be rearranged in the form
f(s, q2) = fc(s, q
2) + i
∫ ∞
0
db b e2iδc(b,s)
(
1− e2iδFFc (b,s)
)
J0(qb)
+i
∫ ∞
0
db b e2iδc(b,s)+2iδ
FF
c (b,s)
(
1− e2iδN (b,s)
)
J0(qb). (6)
Here fc(s, q
2) is the Coulomb amplitude without form factors. The second term in Eq. (6), which we will label fFFc ,
accounts for the effects of the form factors on the Coulomb scattering, strongly reducing the 1/q2 falloff of the pure
Coulomb term at large q2 = |t|. The final term fN,c includes the effects of the nuclear scattering as modified by the
Coulomb and form factor effects. We will consider these individually in the following subsections. The pure nuclear
amplitude fN (s, q
2) is just
fN (s, q
2) = i
∫ ∞
0
db b
(
1− e2iδN (b,s)
)
Jo(qb). (7)
B. Coulomb scattering
The Coulomb phase shift depends on the parameter η = z1z2α/v, v the particle velocity 2p/W , so η ≈ α  1 for
protons at high energies. The phase shift is given to leading order in α by [13, Sec. 14.6]
e2iδc =
Γ(L+ 1 + iη)
Γ(L+ 1− iη) = exp
(
2i
L∑
k=1
arctan
η
k
)
(8)
= exp
(
2i
L∑
k=1
(
η
k
− 1
3
η3
k3
+ · · ·
))
≈ exp 2i
(
η lnL+ ηγ +O
( η
L
, η3
))
(9)
Thus, for L = pb large, b the impact parameter in the scattering, the Coulomb phase factor to first order in η is
e2iδc(b,s) = e2iη(ln pb+γ) = (pb)2iηe2iηγ (10)
where γ = 0.5772 . . . is Euler’s constant.
The result for fc(s, t) follows from Eq. (2) for pure Coulomb scattering, δ
FF
c = δN = 0,. This gives
fc(s, t) = i
∫ ∞
0
db b
(
1− e2iδc(s,b)
)
J0(qb)
−→ −ie2iηγ
∫ ∞
0
db b(pb)2iηJ0(qb), (11)
4where we have dropped the delta function in q associated with the 1 in the first term in the integrand and restricted
our attention to angles away from the extreme forward direction, q > 0. This is the usual restriction for Coulomb
scattering, necessitated by the infinite range of the interaction and the associated failure of the term e2iδc to vanish
for b→∞ [13, Sec. 14.6].
To evaluate the apparently divergent integral in Eq. (11), we note that the phase factor in Eq. (8) and the scattering
amplitude in Eq. (11) are analytic in η and the phase is non-singular and nonzero for |=η(L, s)| < L+1 or |=η(b, s)| <
pb + 1. We can therefore take =η & 12 initially for pp scattering (η = +α/v). The integral then converges and gives
[14, Eq. 10.22.43]
fc(s, t) = −2η
q2
(
4p2
q2
)iη
e2iηγ
Γ(1 + iη)
Γ(1− iη) (12)
= −2η
q2
(
4p2
q2
)iη
= −2η
q2
(
1− cos θ
2
)−iη
, (13)
where we have expanded the ratio of gamma functions Γ(1± iη) to first order in η. The result is analytic in η, and can
be continued back to =η = 0, giving the usual Coulomb amplitude, but with the relativistic rather than nonrelativistic
value of η.
We can obtain the same result by introducing a convergence factor e−ab in the integrand for η real and then using
the second form of the result in [15, Eq. 13.2(3)]. This gives∫ ∞
0
db b1+2iηe−abJ0(qb) =
1
(a2 + q2)1+iη
Γ(2 + 2iη) 2F1
(
1 + iη,−1
2
− iη; 1; q
2
q2 + a2
)
. (14)
Taking the limit a→ 0 using the limiting form of the hypergeometric function for unit argument and the duplication
formula for gamma functions reproduces the result in Eq. (12).
Cahn [3] obtained a similar result with the factor (2p/q)2iη replaced by (λ/q)2iη through somewhat loose arguments
by starting with a screened Coulomb interaction with 1/q2 → 1/(q2 + λ2) in Born approximation. The difference is a
phase factor e2iη ln 2p/λ with a phase which diverges for λ→ 0. This is a standard problem. The same phase appears
in all terms in Eq. (6), so the phase does not affect the cross section and can be absorbed if it is done consistently
in Eq. (6). This phase is model-dependent in general. Bethe, for example, uses a Gaussian cutoff in [1, Eq. 4.28 ff.].
Islam [4] used a similar form to evaluate the Coulomb amplitude. The results in both cases differ from that in Eq. (12)
only by (different) infinite phases in the Coulomb limit.
As noted above, magnetic-moment scattering does not contribute to the spin-independent part of the scattering
amplitude. Its contribution to the spin-dependent amplitude is also suppressed by a factor of q2 at small q2. The
factor 1/q2 from the photon propagator therefore cancels and the amplitude remains finite for q2 → 0. The magnetic
form factors F 2M (q
2) further suppress the scattering at large q, the result corresponding to a smeared-out contact
interaction between the particle moments. Since the amplitude is O(α) and and non-singular, the magnetic terms
do not contribute significantly to the scattering. This result is general, and holds also for scattering through higher
multipoles in the case of particles of higher spin [12, Secs. 4b, c].
C. Form-factor corrections to Coulomb scattering
We turn now to the evaluation of the second integrals in Eq. (6) which contains the effects of the form factors on
the Coulomb scattering. We will use the standard form
FQ(q
2) =
µ4
(q2 + µ2)2
(15)
for the proton charge form factor. We will write the q2-dependent factors in the initial Born amplitude as
α
q2
F 2(q2) =
α
q2
− α
q2
(
1− µ
8
(q2 + µ2)4
)
=
α
q2
−
3∑
m=0
α
µ2m
(q2 + µ2)m+1
. (16)
5Applying an inverse Bessel transform to the second term, which we identify as the leading term in an expansion of
the eikonal in terms of 2δFFc , gives
2δFFc = −
4∑
m=1
α
2mΓ(m+ 1)
(µb)mKm(µb) (17)
as the eikonal function for the form-factor corrections, where we have used the result in [14, Eq. 10.22.46] and the
symmetry K−ν(z) = Kν(z) in evaluating the integrals.
Substituting the form-factor term in Eq. (6) and expanding to leading order in δFFc , allowed because the form-factors
terms are small and compact in impact-parameter space, we obtain a sum of integrals of the form
1
2mΓ(m+ 1)
e2iηγ
∫ ∞
0
db b(pb)2iη(µb)mKm(µb)J0(qb)
=
1
µ2
(
2p
µ
)2iη
e2iηγ
Γ(m+ 1 + iη)Γ(1 + iη)
Γ(m+ 1)
2F1
(
m+ 1 + iη, 1 + iη; 1;− q
2
µ2
)
(18)
=
(
4p2
q2 + µ2
)iη
e2iηγ
µ2m
(q2 + µ2)m+1
Γ(m+ 1 + iη)Γ(1 + iη)
Γ(m+ 1)
2F1
(
m+ 1 + iη,−iη; 1; q
2
q2 + µ2
)
, (19)
where the result follows from [15, Eq. 13.45(1)] and a standard linear transformation on the resulting hypergeometric
function.
The parameter η is very small. Setting it equal to zero in the remaining hypergeometric function, expanding ap-
propriately elsewhere, and summing over m we find that the form-factor correction to the leading Coulomb amplitude
is
−
3∑
m=0
α
(
4p2
q2 + µ2
)iη
µ2m
(q2 + µ2)m+1
= − α
q2
(
4p2
q2 + µ2
)iη (
1− µ
8
(q2 + µ2)4
)
[1 +O(η)] . (20)
Supplying the the necessary overall factors and adding the unmodified Coulomb term, the full Coulomb amplitude
with the form-factor corrections becomes
fc(s, q
2) + fFFc (s, q
2) = −2η
q2
(
4p2
q2
)iη [
1−
(
q2
q2 + µ2
)iη
+
(
q2
q2 + µ2
)iη
µ8
(q2 + µ2)4
]
. (21)
The form-factor corrections do not have the simple form of the pure Coulomb amplitude multiplied by F 2(q2)
assumed, for example, by Cahn [3] when the phase factors are included. However, the limiting behaviors of the full
amplitude are evident from Eq. (21). For q2  µ2, the last two terms in this expression cancel, and the full result
approaches the pure Coulomb amplitude as expected from the infinite range of that interaction. In the opposite limit,
q2  µ2, the first two terms eventually to cancel to an extra O(η), while the last term approaches the pure Coulomb
result multiplied by F 2(q2). All terms are important for intermediate q2.
We can see the structure of Eq. (21) more clearly by looking separately at the amplitude and phase of the factor
which multiplies the Coulomb amplitude − 2ηq2 eiη ln 4p
2/q2 :
mag[·] = µ
8
(q2 + µ2)4
[
1 +O(η2)
]
(22)
arg[·] = − arctan
[
η
(
(q2 + µ2)4
µ8
− 1
)
ln
q2
q2 + µ2
]
(23)
= −η
(
(q2 + µ2)4
µ8
− 1
)
ln
q2
q2 + µ2
[
1 +O
(
η2
(q2 + µ2)4)
µ8
)]
. (24)
The approximation in the last line is valid in the region of small q2 where Coulomb-nuclear interference is significant,
with q2 < µ2.
We remark that other parametrizations of the proton charge form factor consistent with the dispersion relations for
that quantity — expressions in involving sums or integrals of inverse powers of quantities (q2 +λ2) — lead to results of
the same general form, but involving further sums or integrals. The differences among the common parametrizations
are unimportant.
6Using the results in Eqs. (21), (22), and (23), we obtain finally for the form-factor corrections to the Coulomb
amplitude for η/F 2Q(q
2) 1
fc(s,Q
2) + fFFc (s, q
2) = −2η
q2
F 2Q(q
2)eiΦc,FF , (25)
Φc,FF (s, q
2) ≈ η ln 4p
2
q2
− η
(
(q2 + µ2)4
µ8
− 1
)
ln
q2
q2 + µ2
, (26)
where we have used the (standard) parametrization for charge form factor in Eq. (15).
D. Coulomb and form-factor corrections to the nuclear amplitude
We turn next to the final term in Eq. (6), the amplitude for the nuclear scattering including the effects of the
Coulomb phase shifts and the form-factor corrections,
fN,c(s, q
2) = +i
∫ ∞
0
db b e2iδc(b,s)+2iδ
FF
c (b,s)
(
1− e2iδN (b,s)
)
J0(qb), (27)
where δc(b, s) = η ln pb + ηγ and δ
FF
c (b, s) is given in Eq. (17). The form-factor effects can be isolated subject to
Coulomb and nuclear corrections by expanding to first order in δFFc , but we have not found this to be especially
useful. The Coulomb effects are of course long range, and a similar expansion of those terms is not useful.
A simple approximation to the integral in Eq. (27) is to replace the Coulomb and form-factor phases in that
expression by their values at the peak of the uncorrected eikonal distribution, and factor the resulting constant phase
out of the integral. This approximation, originally suggested by Bethe [1] works well for the slowly-varying Coulomb
factor. It is less accurate when the form-factor term is included as that expression varies significantly over the same
range in impact parameter as the eikonal term itself, and affects the value of the integral. The dependence of the Bessel
function J0(qb) in Eq. (27) also introduces strong dependence on q
2 as that quantity increases, leading to diffraction
zeros in the real and then the imaginary parts of the amplitude, so the Bethe approximation is only valid at small q2.
We note for completeness that the location of the peaks in both the imaginary and real parts of the nuclear
distribution is at bpeak ≈
√
σtot/4pi at q
2 = 0 [16]. The q2 dependence of the Bessel function, J0(qb) = 1− 14q2b2 + · · ·
introduces a term proportional to b2 in first order, and shifts the peak to a location determined by the logarithmic
slope parameter B, with
fN,c(s, q
2) ≈
(
e2iδc(b,s)+2iδ
FF
c (b,s)
∣∣∣
b=
√
σtot(s)/4pi
+
1
2
q2B e2iδc(b,s)+2iδ
FF
c (b,s)
∣∣∣
b=
√
B(s)
)
fN (s, q
2) +O(q4) (28)
in the Bethe approximation.
Rather than using this approximation, our approach has instead been to use our existing eikonal fit to pp scattering,
evaluate the integral in Eq. (27) directly, and then compare the results to a direct evaluation of the nuclear amplitude
itself, Eq. (7). Any fit to the pp scattering amplitude consistent with unitarity can be put in eikonal form, and a similar
analysis made. However, we stress that successful fits cannot deviate substantially from our fit, which describes the
scattering reasonably well from 5 GeV to the TeV range. In particular, we calculate the modified amplitude in
Eq. (27) numerically using the eikonal model in [17] and relate the result in phase-amplitude form to the pure nuclear
amplitude.
Our results for the ratio |fN,c(s, q2)/fN (s, q2)| of the ratio of magnitudes of the nuclear amplitude with Coulomb and
form-factor corrections to the pure nuclear amplitude is shown in Fig. 1. As expected, the ratio is very close to unity
at small q2 where the amplitudes should differ by a pure phase in the Bethe approximation, but differ substantially at
large q2 where that approximation fails and the diffraction structure of the amplitudes is important. As seen in the
lower half of the figure, the corrections are a small fraction of a percent for q2 < 0.2 GeV2, the range used in typical
analyses, and less that 0.1% near q2 = 0. We will ignore these corrections, and treat the ratio of amplitudes as a pure
phase.
We show the difference ∆ΦN (s, q
2) = ΦN,c−ΦN between the phases of the corrected and pure nuclear amplitudes,
∆ΦN (s, q
2) = argfN,c(s, q
2)− argfN (s, q2) = arg
(
fN,c(s, q
2)/fN (s, q
2)
)
(29)
in Fig. 2. The energy dependence of this difference is due mostly to the factor (pb)2iη in the Coulomb phase in
Eq. (27); the same dependence on p appears in the Coulomb and form-factor term in Eq. (21), and will drop out in
the differential cross section.
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FIG. 1. The ratios of magnitudes |fNc(s, q2)|big/|fN (s, q2)| at 100 (brown), 546 (black), 1800 (blue), 8000, (red) and 13000
(purple) GeV, top to bottom on the right in the lower figure, top to bottom on the left in the upper figure.
The dependence of ∆ΦN (s, q
2) on s and q2 is described very well by an expression quadratic in q2 and linear in the
momentum p(W ),
∆ΦN (s, q
2) ≈ a1 + a2q2 + a3q4 + (b1 + b2q2 + b3q4) log p(W ). (30)
The parameters in the fit are given in Table I.
We compare these results with those obtained in the Bethe approximation in Fig. 3. While differences do not appear
to be large, they are significant on the scale of the final phase differences in Fig. 4. In that figure, we show the total
phase difference Φtot(s, q
2) between the Coulomb and nuclear parts of the scattering amplitude when it is written so
that the Coulomb term is real with the phase (4p2/q2)iη absorbed,
f(s, q2) = −2η
q2
F 2(q2) + eiΦtot(s,q
2)fN (s, q
2), (31)
Φtot(s, q
2) = ΦN,c(s, q
2)− ΦN (s, q2)− Φc,FF (s, q2). (32)
The main energy dependence of ΦN,c(s, q
2) through the factor p2iη in the integrand for fN,c(s, q
2), Eq. (27), cancels
with the corresponding factor in Φc,FF ; the residual energy dependence arises from that in the nuclear part of the
integrands.
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FIG. 2. The differences of nuclear phases arg
(
fN,c(s, q
2)
) − arg (fN (s, q2)) at (top to bottom) at 13000 (purple), 8000 (red),
1800 (blue), 546 (black), and 100 (brown) GeV.
Parameter Value, radians
a1 0.02346
a2 -0.08661
a3 0.34517
b1 0.01530
b2 0.00280
b3 -0.08678
TABLE I. The parameters in the fit in Eq. (30) to the phase difference
The form of the amplitude in Eq. (31) is particularly convenient. The Coulomb amplitude is real, so the only source
of Coulomb-nuclear interference in the differential cross section is through the real part of the nuclear term. The
presence of the phase factor eiΦtot(s,q
2) mixes a small component—approximately 1.2-2.5%—of =fN (s, q2) into the
real part <fN (s, q2) in the interference region. While fractionally small, it is still significant because =f  <f in the
interference region. This structure is not immediately evident when the Coulomb and nuclear phases are included
separately on those terms.
The effect of the correction is illustrated in Fig. 5, where we compare the real parts of the nuclear amplitude with
and without the phase correction. The final correction is not large. A reasonable first approximation is in fact to
ignore the correction and take the full amplitude simply as the sum of the (real) leading-order Coulomb term with
form factors and the uncorrected nuclear amplitude. However, in the present form, the corrections are very simple to
include, and should be used. The simplicity is striking relative to the treatment of the corrections in [3, 5].
We emphasize that the corrections shown in Fig. 4 are very stable and do not change for reasonable changes in
the eikonal model. This is to be expected: in the Bethe approximation, the corrections to the nuclear phase are
independent of the details of the model, and require only that the eikonal amplitude be strongly peaked in impact
parameter space. This is a generic feature of realistic scattering amplitudes at high energies. We note also that the
corrections depend mostly on the imaginary part of the nuclear impact parameter distribution, which is dominant at
high energies and well determined by fits to the total cross section and the slope parameter B. We give an example
of an alternative model in the next section; the changes in the corrections are indiscernible in the equivalent of Fig. 4.
In Fig. 6 we show the effects of the Coulomb-nuclear interference on the final cross section, plotting the ratio(
dσ/dq2 − dσN/dq2
)
/
(
dσN/dq
2
)
as a function of q2 at 13 TeV (lower red curve). We also show the ratio of cross
sections in the absence of interference,
(
dσc/dq
2 + dσN/dq
2
) / (
dσN/dq
2
) − 1 = (dσc/dq2) / (dσN/dq2) (lower blue
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FIG. 3.
Phases in the Bethe approximation of Eq. (28) (dashed curves) compared to the exact phases (solid curves) at 13,000
(purple), 1800 (blue), and 100 (brown) GeV.
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FIG. 4.
Total phase differences Φtot(s, q
2), Eq. (32), between the nuclear and Coulomb amplitudes at 100 (brown), 546 (black), 1800
(blue), 8000 (red), and 13000 (purple) GeV, top to bottom on the right.
curve), where dσc/dq
2 is the Coulomb cross section. The interference effects are small, at most ∼ 2% at the dip at
q2 = 0.0045 GeV2, that is, of order η ≈ α, and are significant only at very small values of q2. This is the result of
the 1/q2 fall-off of the Coulomb amplitude further suppressed by the effects of the proton charge form factors. For
comparison, the statistical uncertainties in the measured cross sections in [9] vary from ∼ 0.5% at the dip to ∼ 1%
for q2 ≈ 0.2. The results are similar at lower energies, with the only significant sensitivity in the region of the dip.
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FIG. 5.
Comparison of the real part of the actual nuclear amplitude at 13 TeV (solid blue curve) with the effective real part including
the Coulomb and electromagnetic form-factor corrections, Eqs. (31) and (32), (dashed red curve).
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FIG. 6. Plots of the cross section ratio
(
dσ/dq2 − dσN/dq2
)
/
(
dσN/dq
2
)
(bottom red curve) and the corresponding ratio with
the Coulomb-nuclear interference term dropped (top blue curve) in pp scattering in the eikonal model at 13 TeV.
III. AN APPLICATION AND SIMPLE MODEL FOR THE AMPLITUDES
As an application of these results, we consider a model which has been used frequently in the analysis of experimental
data, e.g., the TOTEM data at 8 and 13 TeV; see [9, 18] and earlier references therein. In this model, the phase of the
nuclear amplitude is taken as a constant independent of q2. It is determined simply by the ratio ρ of the real to the
imaginary parts of the nuclear amplitude in the forward direction, corresponding to a phase ΦN (s, q
2) ≡ pi2−arctan ρ(s)
and fN (s, q
2) = eiΦN |fN (s, q2)|. This is clearly unrealistic in general, but may be adequate in a small region near
q2 = 0.
11
We will consider two versions of this model. In the first, we write the complex eikonal amplitude approximately in
terms of its dominant imaginary part multiplied by a constant phase and properly normalized,
i
(
1− e2i(δtotc +δN
)
−→ ie−i arctan ρ =
(
1− e2i(δtotc +δN)
)
/ cos (arctan ρ) . (33)
This form allows us to calculate the Coulomb and form-factor corrections to the nuclear phase. As discussed above,
the results are essentially identical to those obtained using the full amplitude shown in Fig. 4 even though the real
parts of the amplitudes and the cross sections differ. This is as expected given the Bethe argument.
Since the corrections are effectively model-independent, we can proceed to a simpler construction used in vari-
ous experimental analyses and write the constant-phase amplitude approximately in terms of the standard small-q2
expansion of the nuclear scattering cross section,
dσ
dq2
(s, q2) ≈ Ae−Bq2+Cq4−Dq6+···, 0 ≤ q2  1, (34)
where B is the usual slope parameter and C, D · · · introduce curvature in dσ/dq2. Taking the square root and
introducing a phase, we have
√
pifN (s, q
2) ≈
√
AeiΦN e−
1
2 (Bq
2−Cq4+Dq6−··· ). (35)
We will initially take ΦN as constant, with ΦN =
pi
2 − arctan ρ. This is the form assumed, for example, in the
TOTEM analyses of Coulomb-nuclear interference [9, 18], with ρ used as a parameter in fitting the data in the
interference region. Note that this form, with ΦN constant, does not allow for zeros and the associated changes in
sign of the real and imaginary parts of the amplitude as at the diffraction zeros in fN , so is restricted to small q
2.
The expansion in Eq. (34) and its range of validity were investigated in detail in [19], where exact expressions
were given for the parameters B, C, and D in the eikonal approach. As noted there, the predicted values of those
parameters were consistent with the results obtained by TOTEM Collaboration in their fits to their TeV data [20].
The next term in the series becomes important near the upper end of the range of q2 used in the TOTEM fits,
with errors in the fitted cross section comparable to, or larger than, the uncertainties in the experimental results. In
general, fits based on Eq. (34) should use q2 . 0.1 − 0.15 GeV2 at the higher energies; TOTEM used values of q2
up to 0.2 GeV2. This use of a too-wide range of q2 is also common in analyses at lower energies; corrections to the
quoted results were considered in detail in [17].
It is straightforward to estimate the value of the next coefficient in the series using the calculated value of the local
slope parameter B(q2) [19] at a small value of q2 such as q20 = 0.01 GeV
2. Since B(q20) ≈ B − 2Cq20 + 4Dq40 − 6Eq60 +
O(q80), we can express E in terms of B(q
2
0) and the known values of B, C, and D. We will not use this refinement here,
though it extends the range of validity of the expansion to approximately that used in [9, 18, 20], but will follow the
procedures used there and simply fit the exact eikonal amplitudes at 8 and 13 TeV using the expression in Eq. (35).
The fitted values of A and B do not differ significantly from the exact values. C changes by a few percent, and D
changes significantly. The results are consistent with those found by the TOTEM Collaboration.
We compare the results for <fN (s, q2) obtained using the fits and Eq. (35) with the exact eikonal results at 8 and
13 TeV in Fig. 7. The real parts in the constant phase approximation (top blue curves) are systematically larger than
the exact results (bottom red curves), suggesting that this approach will lead to reduced values of ρ when used to fit
data. A better approximation is needed.
As is evident from Fig. 5, the real part of the nuclear amplitude drops rapidly with increasing q2, and actually changes
sign in the region used in the TOTEM analyses. We therefore propose a simple approximation for the phase which takes
this behavior into account. Since ΦN (s, q
2) = pi2 − arctan ρ(s, q2), we concentrate on ρ(s, q2) = <fN (s, q2)
/=f(s, q2).
At high energies, <fN has a zero at small q2, <fN (s, q2R) = 0. Similarly, =fN (s, q2I ) = 0 at the first diffraction dip in
dσ/dq2 at q2I > q
2
R.[21] Taking these zeros into account, we write
ρ(s, q2) ≈ ρ(s) 1− q
2/q2R
1− q2/q2I
. (36)
This form reduces to ρ = ρ(s) at q2 = 0 and has the proper zeros built in, with ΦN (s, q
2) = pi/2 at q2R and fN (s, q
2
R)
purely imaginary, and ΦN = 0 at q
2
I and fN real. The value of ρ can again be used as a fitting parameter.
We compare the actual and approximate values of ρ(s, q2) in the eikonal model at 8000, 1800, and 546 GeV in Fig. 8.
The approximate results—and the corresponding results for <fN (s, q2)—are quite accurate at the higher energies,
and still good in the 500 GeV region. They are much better than the results obtained with the so-called ”standard
phase” used in some analyses which takes only the diffraction zero in the imaginary part of the amplitude into account
[9, Sec. 6.1.3], and then only approximately.
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FIG. 7. Comparison of the real part of the nuclear amplitude with Coulomb and form-factor corrections included (bottom red
curves) with the corresponding real part of the amplitude in the constant phase approximation (top blue curves) at W = 8
TeV (top figure) and 13 TeV (bottom figure).
We note that the errors in Fig. 8 can be essentially eliminated by multiplying the expression in Eq. (36) by a factor
(1− aq2) with an appropriate value of the coefficient a. This is useful in obtaining accurate fits to ρ(s, q2). However,
the approximate expression in Eq. (36) requires knowledge only of the location of the zeros in <fN and =fN . In
particular, q2I can be estimated from the diffraction structure of the cross section, while, roughly, q
2
R ≈ q2I/3 at high
energies in the eikonal model.
The actual location of the zeros in the real and imaginary parts of fN (s, q
2) in the eikonal model are plotted in
Fig. 9. The curves in the figure correspond to a fit with
q2R(W ) = aR + bR logW + cR log
2W,
q2I (W ) = aI + bI logW + cI log
2W. (37)
The parameters in the fit are given in Table II. We note that the fit becomes inaccurate at energies below a few
hundred GeV, where the zeros are displaced by small contributions from exchange terms dependent on inverse powers
of W ; see e.g., [16].
These results can be used in conjunction with the expansion in Eq. (35) to construct nuclear amplitudes with a
realistic q2 dependence and phase at small q2, again retaining ρ = ρ(s) as a parameter to be used in fitting data.
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FIG. 8. Comparison of the approximate values of the ratio ρ(q2) = <fN (q2)/=fN (q2) at 8000, 1800, and 546 GeV, top to
bottom, with the approximate values given in terms of the zeros of the real and imaginary parts of the amplitude by Eq. (36) .
The actual values are given by the solid blue curves, approximate values, by the dashed red curves.
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FIG. 9. Location in q2 of the zeros in the real and imaginary parts of the nuclear amplitude in the eikonal model as functions
of W . The points give the actual values of q2 at the zeros in the eikonal model; the lines correspond to the fits in the text.
With the phase ΦN =
pi
2 − arctan ρ(s, q2) calculated using the expression for ρ in Eq. (36), the diffraction zeros in the
real and imaginary parts of the amplitude are built in, and the magnitude of the amplitude is simply
√
dσ/dq2.
IV. CONCLUSIONS
We have presented a very simple way of calculating Coulomb and form-factor corrections to the pp scattering
amplitude in the context of an eikonal model. As we have emphasized, our approach is much simpler than that of
Cahn [3] and Kundra´t and Lokajicˇek [5] which seem to have become standard in the analysis of Coulomb-nuclear
interference effects at high energies. It is essentially model independent, with the corrections holding for any reasonable
eikonal model which fits the total pp scattering cross section and the forward slope parameter B and gives a reasonable
description of dσ/dq2.
We have given parametrizations of corrections that hold at least from 100 GeV to 20 TeV, and illustrated the
magnitude of the effects in the effective real part of the nuclear amplitude which interferes with the Coulomb amplitude
in an appropriate phase convention. We have used the resuts to investigate the constant-phase approximation used
in recent analyses of very-high-energy scattering, and introduced a very simple model for the correct q2 dependence
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Parameter Value, GeV2
aR 0.4514
bR -0.03484
cR 0.000386
aI 2.9464
bI -0.4481
cI 0.01916
TABLE II. The parameters in the fit to the locations in q2 of the zeros in the real and imaginary parts of the eikonal scattering
amplitude in W given in Eq. (37).
of the phase based on the location of the zeros in the real and imaginary parts of the nuclear component of the
amplitude.
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